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Abstract
We compute corrections to both the isovector anomalous magnetic moment and the isovector
electromagnetic current of the nucleon to O(p3) in the framework of covariant two-flavor Baryon
Chiral Perturbation Theory. We then apply these corrections to lattice data for the anomalous
magnetic moment from the LHPC, RBC & UKQCD and QCDSF collaborations.
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I. INTRODUCTION
One of the major challenges in nuclear physics today is to understand the structure of
the nucleon arising from QCD dynamics. Major progress is made by the continuous im-
provement of lattice QCD, see e.g. [1]. However, in some cases results obtained from lattice
simulations do not seem to extrapolate naturally to the experimentally known results. A
prominent example are the lattice data for the electromagnetic form factors of the nucleon,
a quantity for which high precision experimental data is available [2–5]. It is rather plausible
that this mismatch is due to the strong dependence on pion mass but quantitative numerical
proof is still missing.
The computation of observables on the lattice in general suffers from a number of systematic
uncertainties: Both lattice spacing and lattice volume are finite, and simultaneously most
simulations use quark masses that are much larger than the physical ones. Thus the quality
of lattice results depends on the control over a threefold extrapolation: the continuum ex-
trapolation (a→ 0), the extrapolation to the thermodynamic limit (V → 0) and the chiral
extrapolation (mq → mphysq ).
Therefore it is important to study all observables as functions of the quark masses or equiv-
alently, as functions of the squared pseudoscalar mass. It is also desirable to be able to
make a prediction of how large finite volume effects are for a certain observable. A suit-
able framework that allows one to predict pseudoscalar mass dependence as well as volume
dependence for baryonic observables is called covariant Baryon Chiral Perturbation Theory
(BChPT). It has been shown that BChPT provides good chiral extrapolations [6, 7] while
controlling finite volume corrections [8–11].
In this paper we investigate the size of finite volume effects for nucleon form factor calcu-
lations. We work out the finite volume corrections to the anomalous magnetic moments of
the nucleon to O(p3) in two-flavor BChPT. We then confront these corrections with lattice
data. Using techniques presented in [12] we also calculate the finite volume corrections to
the electromagnetic current J µ.
2
II. FINITE VOLUME CORRECTIONS TO THE ISOSCALAR AND ISOVECTOR
ANOMALOUS MAGNETIC MOMENT OF THE NUCLEON
We employ SU(2)f BChPT as introduced in Ref. [13, 14]. In this effective field theory,
the elementary degrees of freedom are the pseudo Goldstone bosons (the pion fields) and the
nucleon fields. In particular, we make use of the so-called modified infrared regularization
scheme (IR) as described in [6, 15]. This regularization scheme is a modification of the
infrared regularization proposed in Ref. [14].
To calculate the anomalous magnetic moment of the nucleon to O(p3), the effective La-
grangian
Leff = L
(2)
pipi +L
(1)
Npi +L
(2)
Npi +L
(3)
Npi , (1)
is needed. The contributions L (2)pipi , L
(1−3)
Npi have been taken from Refs. [16, 17]. The Dirac
and Pauli form factors of the nucleon F1(Q
2) and F2(Q
2) are defined as follows:
〈N(p′, s′)|J µ|N(p, s)〉 = u¯(p′, s′)
[
γµF1(Q
2) + iσµν
qν
2MN
F2(Q
2)
]
u(p, s)× η†1 η, (2)
where J µ = 2
3
u¯γµu − 1
3
d¯γµd denotes the electromagnetic current, p, p′ are the initial and
final nucleon momenta, s, s′ are the spin vectors and the momentum transfer q is defined
as q = p′ − p. Furthermore, Q2 = −q2 denotes the virtuality of the photon and MN is the
nucleon mass (MN = 939 MeV). Here, η is a two-component vector describing the isospin
content, i.e. η = (1, 0)T represents a proton and η = (0, 1)T represents a neutron. We
have F1(0) = 1 for the proton because J is a conserved quantity and F2(0) measures the
anomalous magnetic moment in nuclear magnetons. The nucleon form factors are related
to the isoscalar and isovector form factors via
F
(s)
1,2 (Q
2) = F
(p)
1,2 (Q
2) + F
(n)
1,2 (Q
2), F
(v)
1,2 (Q
2) = F
(p)
1,2 (Q
2)− F (n)1,2 (Q2). (3)
Thus, we find the following relations for the nucleon matrix elements of the electromagnetic
current:
〈N(p′, s′)|J µ(s)|N(p, s)〉 = u¯(p′, s′)
[
γµF
(s)
1 (Q
2) + iσµν
qν
2MN
F
(s)
2 (Q
2)
]
u(p, s)× η†1
2
η, (4)
〈N(p′, s′)|J µ(v)|N(p, s)〉 = u¯(p′, s′)
[
γµF
(v)
1 (Q
2) + iσµν
qν
2MN
F
(v)
2 (Q
2)
]
u(p, s)× η† τ
3
2
η. (5)
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FIG. 1: Feynman diagrams contributing to the anomalous magnetic moments κv and κs to O(p
3)
in BChPT. The solid line represents a nucleon, the dashed line denotes a pion and the wiggly line
denotes a photon. All pion-nucleon and pion-nucleon-photon vertices stem from the leading order
Lagrangian, where the pion-photon vertex is contained in L
(2)
pipi .
Here, J µ(s) and J µ(v) denote the isoscalar and isovector currents. The isovector and isoscalar
form factors are linear combinations of the quark form factors:
F
(v)
1,2 (Q
2) = F u1,2(Q
2)− F d1,2(Q2) ≡ F u−d1,2 (Q2), (6)
F
(s)
1,2 (Q
2) = F u1,2(Q
2) + F d1,2(Q
2) ≡ F u+d1,2 (Q2). (7)
Furthermore, we define κv ≡ F (v)2 (0) = 3.71 at physical mpi. For the isovector form factor,
the disconnected diagrams, which are usually omitted in lattice simulations, cancel in the
isospin limit, while for the isoscalar form factor, omitting them adds another source of
uncertainty.
In this work, we calculate the finite volume corrections in two different ways: in this section,
we assume that Lorentz invariance is still intact and we directly calculate the corrections
for the anomalous magnetic moments. In sect. IV we assume Lorentz invariance is broken
and thus, we have to calculate the corrections to the matrix elements of the electromagnetic
current because these matrix elements can no longer be decomposed into two form factors.
The leading order corrections to the anomalous magnetic moments come from the Feynman
diagrams shown in Fig. 1 and the finite volume corrections are calculated from the same
Feynman diagrams. We do not impose any restrictions on the time direction, whereas for the
spatial directions, we assume periodic boundary conditions. If the spatial volume L3 is not
too small, the finite volume effects stem primarily from pions propagating around the spatial
4
box. This leads to the so-called p-expansion, which is valid for small pion masses and large
spatial volumes (V = L3) such that mpiL  1. To calculate the finite volume corrections
from these Feynman diagrams, we make the following replacement when integrating over all
possible loop momenta k = (k0,k):∫
d3k
(2pi)3
I(k0,k)→ 1
L3
∑
k
I(k0,k)−
∫
d3k
(2pi)3
I(k0,k). (8)
In the sum, k represents a discrete set of momenta that are allowed for a box with periodic
boundary conditions and a spatial length L, i.e. k = 2pi(nx, ny, nz)
T/L, where nx, ny and
nz are integer numbers. Using Lorentz decomposition, all appearing tensor integrals can be
reduced to scalar integrals (see Appendix B). Using the definitions
H10(L) =
∫
dk0
2pi
(
1
L3
∑
k
−
∫
d3k
(2pi)3
)
1
m2 − k2 − i , (9)
H01(L) =
∫
dk0
2pi
(
1
L3
∑
k
−
∫
d3k
(2pi)3
)
1
M2 − k2 − i , (10)
H
(0)
11 (L) =
∫
dk0
2pi
(
1
L3
∑
k
−
∫
d3k
(2pi)3
)
1
[m2 − k2 − i] [M2 − (p− k)2 − i] , (11)
where p represents the nucleon four momentum, the O(p3) result for the finite volume
corrections can be written as follows:
δκ(3)s (mpi, L) = κ
(3)
s (L)− κ(3)s (∞)
= −2M
2g2A
f 2pi
{(
∂
∂M2
+
m2
M2
∂
∂M2
− 1
M2
)
H01(L)
+m2
(
2
M2
− m
2
M2
∂
∂M2
+
∂
∂M2
)
H
(0)
11 (L) +
1
M2
H10(L)
}
,
(12)
δκ(3)v (mpi, L) = κ
(3)
v (L)− κ(3)v (∞)
=
2g2A
3f 2pi
{(
M2
∂
∂M2
+m2
∂
∂M2
− 1
)
H01(L)
+m2
(
2−m2 ∂
∂M2
+M2
∂
∂M2
)
H
(0)
11 (L) +H10(L)
}
− 8g
2
A
3f 2pi
{(
1 +m2
∂
∂m2
)
H10(L)−H01(L)
+
(
2m2 +m4
∂
∂m2
−M2 −m2M2 ∂
∂m2
)
H
(0)
11 (L)
}
.
(13)
Here, gA and fpi should be taken in the chiral limit, but to the order these corrections
have been calculated, using the physical values is accurate. Note that (other than L) no
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FIG. 2: The finite volume correction δκv for different values of mpiL: 2 (solid), 2.5 (dashed), 3
(dotted) and 3.5 (dashdotted). We have the physical values for fpi, gA and M0 ≡ MN , which is
valid to the order we are working.
new parameters have been introduced. For the form of the finite volume functions see
Appendix C.
At this point, we would like to comment on the use of the simplified fit ansatz δκv(mpi, L) =
a exp(−mpiL) when trying to determine the infinite volume limit, as has been done in [5].
This form is motivated by finite volume meson ChPT, i.e. terms of the form (C1), in the
limit of large mpiL and only taking into account the n = 1 contribution. If correct, one
would expect to find one single value for the correction along the lines of constant mpiL. For
the full expression for δκV , one finds, however, that the corrections are not constant along
the lines of constant mpiL, see fig. 2. Most likely this behaviour is caused by the appearance
of the mass scale M0 in BChPT. Thus, we would advise to always use these O(p3) BChPT
formulae instead.
III. COMPARISON WITH RESULTS FROM LATTICE QCD
Using the input parameters given in Table III we can calculate the infinite volume quan-
tities from the raw lattice data by first rewriting κv, given in lattice magnetons (short l.m.),
in terms of nuclear magnetons (short n.m.) via the equation [18]
κnormv = κ
lattice
v
MphysN
M latticeN
, (14)
6
and then subtracting the finite volume corrections from this normalized quantity:
κnormv (mpi,∞) = κnormv (mpi, L)− δκv(mpi, L). (15)
In Table III we present the input values for the numerical evaluation of the finite volume
corrections. Since the corrections are proportional to a factor (gA/fpi)
2, choosing the physical
values for gA and fpi instead of the values in the chiral limit amounts to a mere multiplication
with a common factor. Choosing the physical values for the pion decay constant and the axial
coupling constant would result in multiplying the corrections with a factor of 0.99. Thus,
we use the physical values for both gA and fpi, because they are known more accurately
and it does not change the corrected values κcorrv significantly. From Table I we can clearly
conclude that the finite volume corrections are considerably large although mpiL ≈ 3.8 for
the smallest pion masses. This set of finite volume corrected isovector anomalous magnetic
moments can be used as input for the second fit.
The O(p4) BChPT formula for the anomalous magnetic moment is presented in Ref. [15, 19]
and is of the following form:
κv =
MN
M0
[
c6 − 16M0m3pier106(λ) + κ(3)v + κ(4)v +O(p5)
]
, (16)
κ(3)v =
g2Am
2
piM0
8pi2f 2piM
3
[
(3m2pi − 7M2) log
(mpi
M
)
− 3M2
]
− g
2
AmpiM0
8pi2f 2piM
3
√
4M2 −m2pi
[
3m4pi − 13m2piM2 + 8M4
]
arccos
(mpi
2M
)
,
(17)
κ(4)v = −
m2pi
32pi2f 2piM
2
0
[
4g2A(c6 + 1)M
2
0 − g2A(5c5m2pi + 28M20 ) log
(
mpi
M0
)
+4M20 (2c6g
2
A + 7g
2
A + c6 − 4c4M0) log
(mpi
λ
)]
− g
2
Ac6m
3
pi
32pi2f 2piM0
√
4M20 −m2pi
(5m2pi − 16M20 ) arccos
(
mpi
2M0
)
.
(18)
Note that we distinguish between M0, which is the nucleon mass in the chiral limit, and
M = M(mpi), the running nucleon mass which appears in the O(p
3) part of the whole
O(p4) result. As input for the running nucleon mass we have chosen two different sets of
LECs which are presented in Tab. II. For the fitting procedures, we have only used κv
values for pion masses smaller than 500 MeV, which we consider to be a reasonable fitting
window, considering that the upper bound estimates for the applicability of BChPT found
in the literature range from pion masses of 350 MeV to 600 MeV [20–22], depending on the
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FIG. 3: Fit results for two different sets of input parameters. The shaded area represents the 95%
confidence level band. Fig. 3(a) corresponds to the LECs labeled Set I in tab. II, whereas for fig.
3(b), Set II was used.
observables considered. The results of these fits are presented in fig. 3. As one can see, the
finite volume corrected lattice data does not naturally extrapolate to the known value at
the physical point. This is most likely due to a lack of information in the region where one
expects a lot of curvature (notice that in the interval 300 MeV < mpi < 500 MeV all values
are around κv ≈ 2.4 within errorbars).
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IV. FINITE VOLUME CORRECTIONS TO THE ELECTROMAGNETIC CUR-
RENT OF THE NUCLEON
For the calculation of the finite volume corrections to the anomalous magnetic moments
we have assumed Lorentz invariance to still be intact. But since we are doing all calculations
in a box of finite spatial volume, Lorentz invariance is explicitly broken and thus, Lorentz
decomposition of tensorial integrals is no longer possible, see Appendix C. A recalculation
of the Feynman diagrams shown in Fig. 1 in a gauge where the polarization of the photon
is perpendicular to its four momentum (ε · q = 0) shows that a decomposition of the matrix
elements into only two different form factors is no longer possible, in accordance with what
one would expect for broken Lorentz invariance.
Using Eq. (D1), one can calculate the corrections to the nucleon matrix element of
the electromagnetic current for various momenta p and q = (q0,q). All formulae cal-
culated with BChPT are applicable for small q2 (in Ref. [23] it was suggested that
|q2| ≤ 0.1 GeV2). We choose the lowest possible momentum transfers, i.e. q ∈
2pi/L{(1, 0, 0)T , (0, 1, 0)T , (0, 0, 1)T}. Furthermore, we only consider spin projections along
the z-axis. We then compare the matrix elements of the corrections to the infinite volume
matrix elements using the O(p3) BChPT results calculated in [15, 19]. These take the form
F
(v)
1 (q
2) = 1 + q2ρ
(v)
1 +O(q
4), F
(v)
2 (q
2) = κv + q
2ρ
(v)
2 +O(q
4), (19)
where the O(p3) results for the slopes ρ
(v)
1 and ρ
(v)
2 are of the following form:
ρ
(v)
1 = Bc1(λ)−
1
96pi2f 2piM
4
0
[
7g2AM
4
0 + 2(5g
2
A + 1)M
4
0 log
(mpi
λ
)
+M40
− 15g2Am2piM20 + g2Am2pi(15m2pi − 44M20 ) log
(
mpi
M0
)]
+
g2Ampi
96pi2f 2piM
4
0
√
4M20 −m2pi
[
15m4pi − 74m2piM20 + 70M40
]
arccos
(
mpi
2M0
)
,
(20)
ρ
(v)
2 = Bc2(λ) +
g2A
96pi2f 2piM
4
0 (m
2
pi − 4M20 )
[
−124M60 + 105m2piM40 − 18m4piM20
+ 6(3m6pi − 22m4piM20 + 44m2piM40 − 16M60 ) log
(
mpi
M0
)]
+
g2A
48pi2f 2piM
4
0mpi(4M
2
0 −m2pi)3/2
[
9m8pi − 84m6piM20 + 246m4piM40 − 216m2piM60
+ 16M80
]
arccos
(
mpi
2M0
)
.
(21)
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To arrive at q2 ≤ 0.1 GeV2 we choose the spatial length of the box to be L = 3.87 fm
which is significantly larger than the volumes available in current lattice simulations. For
the numerical evaluation we truncate the infinite sum at |ni| = 3 and we have used the
low energy constants tabulated in Tab. III, which are taken from [15]. We have chosen
the Dirac representation and have normalized the Dirac spinors to u¯(p, s)u(p, s) = 1. For
the numerical evaluation of the current matrix elements where we utilize the O(p3) BChPT
results, Eqs. (19) and (D1), we have used the physical values for gA, fpi instead of the values
in the chiral limit and have also set M0 = M
phys
N , which is accurate to the chiral order all
these quantities have been calculated in. This then yields the results collected in tab. V.
They show clearly that to extract F1(q
2) and F2(q
2) one first has to correct the finite volume
results. Again, one finds that the finite volume corrections to the matrix element of the
electromagnetic current can be of O(10%), even for rather large box lengths L.
V. CONCLUSION
The results of our work can be summarized as follows:
1. We have calculated the finite volume corrections to the anomalous magnetic moments
κs,v of the nucleon in the framework of SU(2)f covariant BChPT assuming Lorentz
invariance is still intact.
2. We have found these corrections to be of O(10%) for pion masses smaller than mpi <
300 MeV and box lengths of L ≈ 2.5 fm.
3. The chiral extrapolation of the finite volume corrected lattice data for κv still does
not yield the experimentally known value. This is most likely due to the lack of
information in the region 138 MeV < mpi < 250 MeV. Partly, these discrepancies
might also originate from simulating two instead of three dynamical quark flavors.
4. When working in a finite volume, Lorentz invariance is broken. Therefore, we have
redone all calculations without making use of Lorentz decomposition when dealing
with tensorial loop integrals. This leads to an expression for the correction to the
nucleon matrix elements of the electromagnetic current.
10
5. The uncorrected finite volume matrix elements can no longer be decomposed into the
Pauli and Dirac form factors (see tab. V). These corrections are considerably large
when choosing mpi = m
phys
pi and |q2| ≈ 0.1 GeV2, i.e. L = 3.8 fm.
6. The problem that the lattice data does not naturally extrapolate to the experimentally
known value for κv can not be solved by taking finite volume corrections into account.
However, having data for pion masses smaller than 250 MeV and then applying these
finite volume corrections should yield a reasonable result.
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Appendix A: Tables
TABLE I: Lattice data for both MN in MeV and κv in terms of normalized physical magnetons
from [2], [3] and [4]. Also shown are the O(p3) finite volume corrected values κcorrv . To calculate
κcorrv , we have truncated the infinite sums appearing in (13) at n = 20.
Ref. L [fm] mpi [MeV] MN [MeV] κv [n.m.] κ
corr
v [n.m.]
[2] 2.7 329 1154(7) 2.29(23) 2.37(23)
2.7 416 1216(7) 2.63(29) 2.66(29)
[3] 2.688 297 1109(21) 2.447(99) 2.554(99)
2.688 335 1172(21) 2.518(57) 2.576(57)
2.688 403 1221(21) 2.508(51) 2.543(51)
[4] 2.5 293 1107.1(111) 2.456(162) 2.602(162)
2.5 356 1154.8(80) 2.475(72) 2.554(72)
2.5 495 1288.4(80) 2.339(47) 2.359(47)
[5] 2.9 260 2.608(115) 2.728(115)
1.9 280 2.505(311) 2.889(311)
2.9 290 2.466(80) 2.552(80)
2.3 300 2.877(184) 3.060(184)
1.7 310 2.396(491) 2.818(491)
TABLE II: Low energy constants used as input parameters for the fitting procedure taken at a
renormalization scale λ = 1 GeV. The two sets parameters c2, c3, c4 are taken from [24] while M0,
c1 and e
r
1 were provided by [25].
M0 [GeV] c1 [GeV
−1] c2 [GeV−1] c3 [GeV−1] c4 [GeV−1] er1(λ) [GeV
−3]
Set I 0.893 −0.757 1.71 −3.64 2.13 2.25
Set II 0.891 −0.825 2.66 −4.50 2.45 2.22
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TABLE III: Low energy constants used as input parameters for the numerical evaluations.
g0A fpi [MeV] Bc1(M0) [GeV
−2] Bc2(M0) [GeV−2]
1.2695 92.4 −1.3 4.47
TABLE IV: Low energy constants determined from the fit to the pion mass dependent anomalous
magnetic moment using the O(p4) BChPT formula (16). All values have been obtained at λ =
1 GeV. The first row shows the values and the statistical errors obtained by the fit routine whereas
the second row shows the values suggested to achieve a 95% confidence level.
Input c6 e
r
106(λ) [GeV
−3] χ2/d.o.f.
Set I 3.61(5) 0.27(4) 0.97
3.61(11) 0.27(8)
Set II 3.71(5) 0.22(4) 1.03
3.71(11) 0.22(9)
Appendix B: Basic Integrals
For all calculations, we have used the following definition for the standard scalar integrals:
Hmn(M
2, m¯2, p2) = −iλ4−d
∫
ddl
(2pi)d
1
[m¯2 − l2 − i]m [M2 − (p− l)2 − i]n . (B1)
Here, m¯ and M are two generic mass parameters, m denotes the number of meson propaga-
tors and n represents the number of nucleon propagators. By utilizing Feynman parametriza-
tion, the integrals H10, H01 and H11 can be calculated analytically. They take the following
form:
H10(0, m¯
2, 0) = 2m¯2
[
L+ 1
16pi2
log
(m¯
λ
)]
, (B2)
H01(M
2, 0, 0) = 2M2
[
L+ 1
16pi2
log
(
M
λ
)]
, (B3)
H
(0)
11 (M
2, m¯2, p2) = −2L+ 1
16pi2
+
1
16pi2
ln (λ2)
− p
2 −M2 + m¯2
32p2pi2
ln (m¯2)− p
2 +M2 − m¯2
32p2pi2
ln (M2) (B4)
−
√
4p2m¯2 − (p2 −M2 + m¯2)2
32p2pi2
arccos
(
m¯2 − p2 +M2
2m¯M
)
.
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TABLE V: Numerical results for the current matrix element, the matrix element of the corrections
and the matrix element of the electromagnetic current in finite volume. The isospin part of the
matrix element has been omitted.
L
2piq 〈N
(
p, 12
) |J µ|N (p, 12)〉 〈N (p, 12) |δJ µ|N (p, 12)〉 〈N (p, 12) |J µ(L)|N (p, 12)〉
(1, 0, 0)T

0.765697
0
−0.604959i
0


−0.0855116
0.0380878
0.0738641− 0.00741085i
0.0738641


0.680185
0.0380878
0.0738641− 0.612369i
0.0738641

(0, 1, 0)T

0.765697
0.604959i
0
0


−0.0855116
0.0738641 + 0.00741085i
0.0380878
0.0738641


0.680185
0.0738641 + 0.612369i
0.0380878
0.0738641

(0, 0, 1)T

0.765697
0
0
0


−0.0855116
0.0738641
0.0738641
0.0380878


0.680185
0.0738641
0.0738641
0.0380878

Here we have introduced the quantity
L = 1
16pi2
(
1
− +
1
2
(γE − 1− log 4pi)
)
, (B5)
which contains both the  pole as well as some numerical constants. γE is the Euler-
Mascheroni constant. All tensorial integrals of the form
−iλ4−d
∫
ddl
(2pi)d
{lµ, lµlν , . . .}
[m¯2 − l2 − i]m [M2 − (p− l)2 − i]n , (B6)
are calculated using the definitions
pµH(1)mn = −iλ4−d
∫
ddl
(2pi)d
lµ
[m¯2 − l2]m [M2 − (p− l)2]n , (B7)
gµνH(2)mn + p
µpνH(3)mn = −iλ4−d
∫
ddl
(2pi)d
lµlν
[m¯2 − l2]m [M2 − (p− l)2]n . (B8)
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Thus, the functions H
(1,2,3)
11 and H
(1,2,3)
12 take the following form:
H
(1)
11 =
1
2p2
(
H10 −H01 + (p2 −M2 + m¯2)H(0)11
)
, (B9)
H
(2)
11 =
1
2(d− 1)
(
2m¯2H11 − (p2 −M2 + m¯2)H(1)11 −H01
)
, (B10)
H
(3)
11 =
1
2p2(d− 1)
(
(2− d)H01 + d(p2 −M2 + m¯2)H(1)11 − 2m¯2H(0)11
)
, (B11)
H
(1)
12 =
1
2p2
(
H
(0)
11 + (p
2 −M2 + m¯2)H(0)12 −H02
)
, (B12)
H
(2)
12 =
1
2(1− d)
(
H02 +H
(1)
11 + (p
2 −M2 + m¯2)H(1)12 − 2m¯2H(0)12
)
, (B13)
H
(3)
12 =
1
2p2(d− 1)
(
(2− d)H02 + dH(1)11 + d(p2 −M2 + m¯2)H(1)12 − 2m¯2H(0)12
)
. (B14)
Using the following general properties of the scalar integrals
− 1
n
d
dM2
Hmn = Hm,n+1, − 1
m
d
dm¯2
Hmn = Hm+1,n, (B15)
that are valid for n 6= 0 and m 6= 0 respectively, one finds that
H
(α)
12 = −
d
dM2
H
(α)
11 , (B16)
where α = 1, 2, 3. The same principle can be used to calculate H
(α)
21 . When employing in-
frared regularization [14] or modified infrared regularization [15] in order to obtain properly
renormalized, scale independent results it is neccessary to calculate infrared integrals. After
combining the meson propagator with the nucleon propagators using Feynman parametriza-
tion, one extends the integration ∫ 1
0
dx→
∫ ∞
0
dx, (B17)
and thus defines the infrared integrals Imn. As described in Ref. [14, 15], we can now
decompose ∫ ∞
0
dx =
∫ 1
0
dx+
∫ ∞
1
dx, (B18)
which corresponds to the decomposition Imn = Hmn +Rmn, where Rmn are called regulator
functions. For the functions containing only meson or nucleon propagators, we define
Im0 = Hm0, Rm0 = 0, I0n = 0, R0n = −H0n. (B19)
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Additionally, the infrared integral I11 and thus the regulator function can be calculated
analytically, yielding
I11 =
p2 −M2 − m¯2
p2
L+ p
2 −M2 + m¯2
32pi2p2
+
p2 −M2 + m¯2
16pi2p2
log
(
λ
m¯
)
−
√
4M2m¯2 − (m¯2 +M2 − p2)2
16pi2p2
arccos
(
M2 − p2 − m¯2√
4m¯2p2
)
.
(B20)
For p2 = M2 one finds that this expression reduces to
I11 =− m¯
2
M2
L+ m¯
2
32pi2M2
− m¯
2
16pi2M2
log
(m¯
λ
)
−
m¯
√
1− m¯2
4M2
8pi2M
arccos
(
− m¯
2M
)
. (B21)
Appendix C: Finite Volume Functions
The finite volume functions H10(m¯, L), H01(M,L) and H
(0)
11 (m¯,M, p, L) for a box of vol-
ume L3 have been calculated in Refs. [10, 26] and take the following form:
H10(m¯, L) =
∞∑
n=1
m¯µ(n)
4pi2
√
nL
K1
(√
nm¯2L2
)
, (C1)
H01(M,L) =
∞∑
n=1
Mµ(n)
4pi2
√
nL
K1
(√
nM2L2
)
, (C2)
H
(0)
11 (m¯,M, p, L) =
∞∑
n=1
µ(n)
8pi2
∫ 1
0
dxK0
(√
nL2 (x(M2 − (1− x)p2) + m¯2(1− x))
)
. (C3)
The function µ(n) represents the multiplicity for each n = n21 + n
2
2 + n
2
3, i.e. the number
of different combinations for n1, n2 and n3 that yield the wanted n. In our calculation of
the finite volume corrections to the magnetic moments we have assumed Lorentz invariance
when dealing with tensorial integrals.
For the calculation of the corrections to the electromagnetic current, we have assumed
Lorentz invariance to be broken such that Eqs. (B7) and (B8) can no longer be used. The
starting point for the calculation of such finite volume functions is again the scalar function
IAβ
(M2, L) = ( 1
L3
∑
k
−
∫
d3k
(2pi)3
)
1[
(k−A)2 +M2]β , (C4)
where A is an arbitrary three momentum andM is a generic mass parameter. This function
can be calculated by following the descriptions given in Ref. [12]. This leads to the following
16
expression:
IAβ
(M2, L) = 1
Γ(β)(4pi)3/2
∫ ∞
0
dααβ−5/2e−αM
2
(
3∏
i=1
∞∑
ni=−∞
e−
L2n2i
4α cos (niAiL)− 1
)
. (C5)
From this expression, the results for the tensorial integrals
IA,iβ =
(
1
L3
∑
k
−
∫
d3k
(2pi)3
)
ki[
(k−A)2 +M2]β , (C6)
IA,ijβ =
(
1
L3
∑
k
−
∫
d3k
(2pi)3
)
kikj[
(k−A)2 +M2]β , (C7)
can be derived by simply calculating derivatives with respect to Ai and Aj. Thus, the
results take the form
IA,iβ =
1
2(β − 1)
∂
∂Ai
IAβ−1 +A
iIAβ , (C8)
IA,ijβ =
1
4(β − 1)(β − 2)
∂2
∂Ai∂Aj
IAβ−2 +A
iAjIAβ (C9)
+
1
2(β − 1)
[
Ai
∂
∂Aj
+Aj
∂
∂Ai
+ δij
]
IAβ−1.
This result agrees with the result derived in Ref. [27].
Appendix D: Corrections to the electromagnetic current
In this section, the results for the recalculation of the Feynman diagrams that contribute
to the nucleon matrix element of the isovector electromagnetic current to leading one-loop
order in BChPT are collected. The result can be written as,
εµ〈N(p′, s′)|δJ µv (L)|N(p, s)〉 = u¯(p′, s′)
[∑
i
Ampi(M, L, q, p)
]
u(p, s)× η† τ
3
2
η, (D1)
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where we sum over all Feynman diagrams contributing to O(p3). Thus, the result is of the
following form:
Ampa =
g2A
2f 2pi
∫ 1
0
dy
[
H10(m,L)− yM2I3/2(M21, yp′) +Mγi
∂
∂(yp′i)
I1/2(M21, yp′)
]
/ε, (D2)
Ampb =
g2A
2f 2pi
∫ 1
0
dy /ε
[
H10(m,L)− yM2I3/2(M21, yp) +Mγi
∂
∂(ypi)
I1/2(M21, yp)
]
, (D3)
Ampc = −
1
4
(Ampa + Ampb)
+ /ε
M2g2A
8f 2pi
∫ 1
0
dx
∫ 1
0
dy y
[
4I3/2(M23,p(x, y)) + 3M23I5/2(M23,p(x, y))
+ 2pi(x, y)
∂
∂pi(x, y)
I3/2(M23,p(x, y))−
∂2
∂pi(x, y)2
I1/2(M23,p(x, y))
]
− M
2g2A
4f 2pi
∫ 1
0
dx
∫ 1
0
dy y
[
3/ε/p(x, y)I1/2(M23,p(x, y))
− yMεi ∂
∂pi(x, y)
I3/2(M23,p(x, y))− y(ε · p)γi
∂
∂pi(x, y)
I3/2(M23,p(x, y))
+ εiγj
∂2
∂pi(x, y)∂pj(x, y)
I1/2(M23,p(x, y))
]
,
(D4)
Ampd = −
1
2f 2pi
∫ 1
0
dx
[
/εI1/2(M22, xq) + εiγj
∂2
∂(xqi)∂(xqj)
I−1/2(M22, xq)
]
, (D5)
Ampe = g
2
AAmpd
− g
2
AM
f 2pi
∫ 1
0
dy
[
y(ε · p)I3/2(M21, yp)− εi
∂
∂(ypi)
I1/2(M21, yp)
]
+
3g2A
2f 2pi
M(m2 − q2)
∫ 1
0
dx
∫ 1
0
dy y
[
y¯(ε · p)I5/2(M24,q(x, y))
− εi ∂
∂qi(x, y)
I3/2(M24,q(x, y))
]
(D6)
− g
2
AM
2f 2pi
∫ 1
0
dx
∫ 1
0
dy y
[
−/εI3/2(M24,q(x, y)) + 3y¯(ε · p)/q(x, y)I5/2(M24,q(x, y))
− y¯(ε · p)γi ∂
∂qi(x, y)
I3/2(M24,q(x, y))− /q(x, y)εi
∂
∂qi(x, y)
I3/2(M24,q(x, y))
+ εiγj
∂2
∂qi(x, y)∂qj(x, y)
I1/2(M24,q(x, y))
]
/q,
Ampf = −
1
f 2pi
H10(m,L). (D7)
In the results above, the following masses
M21 = x2M2 + x¯m2, M22 = m2 − xx¯q2, M23 = y2
(
M2 − xx¯q2)+ y¯m2, (D8)
M24 = y¯2M2 + ym2 − x(1 + x)y2q2, (D9)
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and momenta
p(x, y) = y(p− qx), q(x, y) = y¯p− xyq, (D10)
have been used. They stem from combining the different propagators via Feynman
parametrization. The Feynman parameter x has solely been used to combine meson prop-
agators or nucleon propagators, where the parameter y has been used to combine different
propagators, e.g. a meson propagator with a nucleon propagator.
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